The relativistic Hartree approximation predicts a deep attractive potential for antinucleon, which largely reduce the threshold energies of the nucleon-antinucleon (NN ) production. This effect has played an important role to explain the quenching of the Gamow-Teller (GT) strength because the quenched strength in the particle-hole excitation is partially taken by the nucleon-antinucleon production. On the other hand antiproton experiments do not reveal deep attractive potential for antinucleon. In this paper we study energy-dependence of the nucleon self-energies in the relativistic Hartree-Fock (RHF) approximation in off-mass-shell states. Then we demonstrate that the antinucleon appearing in low energy observables is in the off-mass-shell energy region and that its properties are quite different from that at the on-mass-shell state. Furthermore we show that the quenched amount of the GT strength does not shift only to the NN production but also to the meson production through the imaginary part of the nucleon self-energy in the RHF approximation.
I. INTRODUCTION
The past decades have seen many successes in the relativistic mean-field (RMF) approach of the nuclear many-body problem. The relativistic framework has big advantages in several aspects [1] : a useful Dirac phenomenology for the description of nucleon-nucleus scattering [2, 3] , the natural incorporation of the spin-orbit force [1] and the saturation properties in the microscopic treatment with the Dirac Brueckner Hartree-Fock (DBHF) approach [4] . Furthermore this approach can explain very nicely the structure of such extreme nuclei as for neutron-rich nuclei [5] .
These results conclude that there are large attractive scalar and repulsive vector-fields, and that the nucleon effective mass becomes very small in the medium. These deep scalar and vector fields predict very strong attractive potential of antinucleon (N ) and large suppression of the in-medium threshold energy of the nucleon-antinucleon (NN ) pair creation because the vector fields is changed to be attractive for N .
Kurasawa and Suzuki [6, 7] showed that the largely reduced threshold energy of NN production in medium play a very important role to explain the suppression of the Coulomb sum-rule in the quasielastic electron scattering. Furthermore they showed that the Gamow-Teller (GT) transition strength is quenched by the antinucleon degree of freedom [8, 9] . The particle-hole (ph) excitation explains 88 % of the Ikeda-Fujii-Fujita (IFF) sum-rule, and the other 12 % strength is given by the NN -production. The shift of the strength from the ph-excitation sector to the NN -production sector increases as the effective mass becomes smaller [10] .
In the RMF approach, thus, the largely reduced threshold energy play important roles in calculations of several low energy phenomena. However experimental observables about the antiproton have not revealed this deepN attractive potential. For example the analysis of the antiproton (p) + nucleus elastic scattering has not shown its deep attractive potential [11] . Furthermore Teis et al. [12] analyzed the subthresholdp-production experiments in nucleus-nucleus collisions [13] and light-ion induced collisions [14] and concluded that thep mean-field is attractive but its depth is much smaller than that predicted in the RH approximation. Particularly the results in the light-ion induces reactions gave important results that the the cross-section in the deuteron induced reaction, σ d , is fifty times larger than that in the proton induced reaction, σ p at the initial energy, E lab = 3.5 GeV/u: σ d /σ p ≈ 50. If thep potential is as deep as that in the RH approximation, this initial energy is above the threshold energy, and the ratio must be close to the nucleon number of the induced particles, namely σ d /σ p ≈ 2.
Of course there are some ambiguities even in theoretical analysis of experimental results. For example, G.Q. Li et al. [15] gave a different conclusion about the analysis of the GSI experiments [13] though they have not shown any analysis about the KEK data [14] . We cannot definitely determine theN potential, but these experimental results suggests suspicion on the treatment of the antinucleon in the RMF approach.
In the theoretical aspect only the RH approximation suggests the deepN potential, but one can deny it by extending the theory, such as the relativistic Hartree-Fock (RHF), including the nonlocal parts [16] . In the RHF framework, furthermore, the self-energies of nucleon are momentum-dependent and have different values between the on-mass-shell state and the off-mass-shell states [17] . The antinucleon appearing in calculations of low energy phenomena must be at an off-mass-shell state, and its property may be different from that at the on-mass-shell state. If the antinucleon properties at the off-mass-shell state is different, moreover, we need to examine the transition strength in the NN -production.
In this subject, it has been believed for a long time that the momentum-dependence of the Dirac fields is negligible in the low energy region, particularly below the Fermi level. In fact, only very small momentumdependence has appeared in the RHF calculation [18] . In the high energy region, however, the vectorfields must become very small to explain the optical potential of the proton-nucleus elastic scattering [2, 17] , and the transverse flow in the heavy-ion collisions [19] . In addition this momentum-dependence also play an important role to explain the quasielastic electron scattering [20] . Even in low energy region, furthermore, the momentum dependence has been reported to plays important roles to explain the isoscalar giant quadrupole resonance [21] , the spatial convection current [22] , nuclear structure [23] ssand the pseudo-spin symmetry [24] . In addition the DBHF approach also slightly change a saturation properties if the momentum dependence is introduced [25] .
In this paper we examine the energy-dependence of the Dirac mean-field in the RHF approximation and show the antinucleon properties in off-mass-shell energy region. Furthermore we calculate the GTstrength in the same approach.
In Sec. II we explain structures of the nucleon propagator and self-energies in the RHF approach. In Sec. III we calculate the energy-dependence of the nucleon self-energies and demonstrate that the NNproduction energy appearing in calculations is energy-dependent and different from that in the actual production. In Sec. IV we calculate the GT strength and demonstrate that this strength is contributed from three processes, the ph-excitation, the NN -production and the meson production. Finally we summarize our work in Sec. V.
II. NUCLEON PROPAGATOR WITH MOMENTUM-DEPENDENT SELF-ENERGIES
The nucleon propagator in the self-energy Σ is usually given by
where Σ(p) has a Lorentz scalar part U s and a Lorentz vector part U µ (p) as
For the future convenience we define the effective mass and the kinetic momentum as
Then the detailed form of the nucleon propagator, G(p), is represented [17] by
where n(p) = θ(k F − |p|) is the momentum distribution with the Fermi momentum, k F , and
Now we will rewrite the above nucleon propagator in the spectral representation. The wave-function of nucleon, ψ(p, s), with four-momentum p and spin s is defined as a solution of the following Dirac equation
This Dirac equation is equivalent to the following characteristic equation:
There are two kinds of solutions; one is so-called a positive energy spinor u(p, s) with
and the other is called a negative energy spinor v(−p, s) with
where s is a spin-index, and
Note that e N and e A are dependent on four momentum p and are not the single particle energies at the on-mass-shell states.
Using the above spinors and energies, we can get the following relations:
Then, the nucleon propagator (4) can be rewritten as
This expression is the same as the single nucleon propagator which was given by Bentz et al. as the general form [28] . The first, second and third terms exhibit contributions from nucleons above the Fermi surface, nucleon in the Fermi sea and negative energy nucleons in the Dirac sea, respectively. Furthermore, the on-mass-shell positive energy, ε N , and the negative energy, ε A , are defined as the pole energies of the propagator in Eq. (13):
We should here note the orthogonal relations between the Dirac spinors. The Dirac spinors of the positive energy state, u(p, s), and negative energy state, v(−p, s), are orthogonal only at the same energy, p o :
but the two spinors on the on-mass-shell condition are not orthogonal
The positive energy projection operator, Λ + (p), and the negative energy projection operator, Λ − (p), with the same p 0 satisfy the usual relation,
but those with the on-mass-shell energy do not satisfy this relation:
This fact tells us a problem in the sum rule. For an example, the energy non-weighted sum-rule with respect to a single particle transition operator, O, can be obtained with the single particle wave functions
In the RH approximation the first and second terms show the contributions from the ph-states and the NN -states, respectively. In the RHF approximation, however, the first term also shows the phcontribution but the second term dose not completely correspond to the NN -contribution.
III. SELF-ENERGIES IN THE RELATIVISTIC HARTREE-FOCK APPROXIMATION
In this section we should give the detailed expressions of the momentum-dependent self-energies. In order to discuss these effects up to the NN -threshold energies, we need to take into account many kinds of diagrams with multi-meson exchanges. In this work, however, we aim to demonstrate only qualitative effects of the momentum dependence, and then we use the RHF approximation within the one-meson exchanges. Furthermore we omit the isovector parts of the self-energies. In this work we discuss only qualitative effects of their momentum dependence in the system with very small asymmetry between the proton and neutron numbers.
The nucleon self-energy is separated into the Hartree part and the Fock part as
where α = s, µ. Within the one-boson exchange force, the Fock part of the self-energy is generally written in the following way [17, 18, 19] .
where γ a(b) is the γ-matrix with the suffix a(b) indicating the scalar, pseudo-scalar, vector, axial-vector and tensor, and ∆ a is the propagator of meson with the quantum number indicated with the suffix a, written as
In addition g a (g b ) is a couping constant, and f a (f b ) is a certain factor including the Fiertz transformation coefficient in the isospin space and so on.
In general the Fock part of the nucleon self-energy is written as
with
Note that some meson exchanges such as the pseudo-scalar meson with the PV coupling give a different expression which is proportional to (p − k) 2 ∆(p − k). However these terms can be rewritten to the same expression of the above equation by introducing the cut-off parameters whose contribution can be incorporated into the Hartree parts [21, 22] .
According to the way in Ref. [17, 19, 21, 22] , we give the Hartree part of the self-energies are given as
where φ is the scalar mean-field obtained as
In the above equations the scalar density ρ s and the vector Hartree density ρ H are given by
The self-energy potential of the φ-field is given [19, 21, 22] by
determines the meson-nucleon coupling constants to reproduce the saturation properties of the nuclear matter. When m a >> k F , the zero range approximation is available, and the above Fock terms (25) and (27) approximately become
These terms are equivalent to the Hartree parts of the self-energies. Under this approximation, thus, the Hartree and Fock contributions cannot be distinguished, and parameterizing the Hartree parts independently from the Fock parts is the same as introducing heavy mesons in the RHF calculation. Therefore we do not need to take the scalar and vector coupling constants, g H s and g H v , to be the same ones in the Fock parts. Indeed Weber et al. [17] have shown that this method does not break significant conservation laws as for the nuclear current and the energy-momentum tensor.
In this work we discuss the self-energies at off-shell energy states, where their imaginary parts appear in some energy region [17] . In the actual calculation it is not very easy to calculate the Fock parts when the imaginary parts appear, and then we introduce an additional approximation as follows.
Below the Fermi level with the on-mass-shell condition, the momentum dependence of the self-energies is not large [18] and can be neglected in actual calculations. Then we make the self-energies in the integrands in Eqs. (25) , (27) and (28) momentum-independent by fixing their values to be those at the Fermi momentum on the on-mass-shell condition: U s(0) = U s(0) (ε F ; k F ) and U i = 0, where ε F is the Fermi energy; the similar method was used in the DBHF calculation [4] . When the self-energies are momentum-independent, the tensor-coupling part of the vector self-energy (28) is very small and can be disregarded [18] . Then the momentum-dependent parts of the self-energies approximately become
where
In the actual numerical calculations we consider the Hartree-parts, U Now we perform the RHF calculation and discuss effects of the momentum dependence in the self-energies in the off-shell energy region.
When π(PV), η(PV), σ, δ, ω meson exchanges are introduced, the Fock terms are described with the following meson propagations:
where f ρ is the tensor coupling of the ρ-N interaction. In this work we use the two parameter-sets in the actual numerical calculations.
The first set is so called the parameter HF(c), which is given in Ref. [18] , g This HF(C) parameter-set is standard in the RHF calculation, but it includes only the σ and ω mesons.
In the next section, however, we discuss effects of the Fock terms in the IFF sum-rule, where all the kinds of mesons contribute to the result. Though we do not aim to get any qualitative conclusion in this work, therefore, we should use the mass and the couplings of mesons determined experimentally if possible.
As the second parameter-set, then, we use the couplings and the meson masses in the Bonn-A potential [26] for the Fock parts. We determine the parameters in the Hartree parts as g We show the momentum dependence of the scalar self-energy U s (p) and that of the time component of the vector self-energy U 0 (p) on the on-mass-shell condition with HF(c) in Fig. 1a and with Bonn-A in (27) . For comparison, we plot U s (k F ) and U 0 (k F ) with the dashed lines; we refer to the calculation without the momentum-dependence of the self-energies as the RH calculation. In the two parameter-sets, our approximate approach for the Fock terms in (38) and (39) gives the same results of the full RHF calculations.
Next we discuss the energy dependence of the self-energies at the fixed momentum. In Fig. 2 When we calculate observables in low energy phenomena, on the other hand, the negative energy states, which appear as the intermediate states, are in the off-mass-shell energy region. As an example we consider the situation that off-mass-shell meson with energy q 0 changes to nucleon and antinucleon, which often appears in one-loop calculation. When we assume that energy of the nucleon is the Fermi energy ε F , the energy of the antinucleon is at the energy state p 0 = q 0 − ε F , and its self-energies are those on ε F = q 0 . In studies about low energy phenomena |q 0 | << 0, the self-energies are considered to be at p 0 ≈ ε F , and they do not have so large momentum-dependence around the Fermi surface. When we calculate such low energy phenomena, hence, we must use the same self-energies of the nucleon even for the negative energy nucleon.
Here we give an example. The energy denominator of the NN -contribution part in correlation functions is written as
When D NN << 2M − q 0 , one considers that the NN -production process in the intermediate state make large contributions to calculational results.
Here we compare D NN (q 0 ) in the RHF and RH approximations where the self-energies are momentumindependent. In order to make discussion easy, we calculate them with q = 0, |p| = k F and p 0 = e N = ε F , where the above energy denominator becomes
We show d NN (q 0 ) as a function of the energy transfer, q 0 , with HF(C) in Fig. 4 and those with Bonn-A in When q 0 < ∼ 300M eV , the amount of d NN in the RHF approximation is almost the same as that in the RH approximation, and much smaller than that in the vacuum. In both the RHF and RH approximations the threshold energy of the NN -production is seen to be largely reduced from that in the vacuum when the energy transfer is very low and far from the on-mass-shell condition.
In high energy transfer region, q 0 > ∼ 500 MeV, however, the RH and RHF calculations give quite different results. The actual threshold energy of the NN -production energy is also different between two approaches. Even if the suppressed threshold energy is estimated from low energy phenomena in the RMF approach, we cannot conclude that the estimated amount of the threshold energy is the same as that in the actual NN -production.
IV. GAMOW-TELLER STRENGTH
Because of the energy dependence of the nucleon self-energies, the correlation function must show quite different behaviors in the energy region above about 300 MeV between the RH and RHF approximations.
Indeed, Weber et al. [17] suggested that the imaginary part of the self-energies make another contribution to the nucleon spectral function besides the nucleon states on the on-mass-shell positive and negative energy states.
In this section we examine contributions from the Fock terms of the self-energies to the GT strength.
Here we calculate the GT strength in the impulse approximation. The random phase approximation (RPA) has not given so different amount of the GT strength from that in the impulse approximation [8] .
Here we define the GT-correlation functions as
By substituting Eq. (4) into Eq.(44) and disregarding the vacuum polarization and the isovector part of the self-energies, we can obtain the correlation function as
where Π v (p) = p · Π. In addition n (n) (p) = Θ(k n − |p|) and n (p) (p) = Θ(k p − |p|) are the momentum distributions for neutron and proton, where k n and k p being the neutron and proton Fermi momenta, respectively.
In the GT-transition we consider only the zero momentum transfer, q = 0, and the positive energy transfer, q o > 0. When |ρ n − ρ p | ≪ ρ B , in addition, we can use the following relation
where ρ B is the baryon density. Then the correlation function at q = 0 becomes
In the above equations R ph and R NN show the contributions from the ph-excitation and the NNproduction, respectively. The other term, R m , indicates the contribution from the meson production, which comes from the imaginary parts of the self-energies.
Using Eq.(52) the total GT strength is obtained as
where Ω is the volume of the system.
In the RH approximation the relativistic self-energies are momentum-independent, and the above response function has been given in Ref. [8] asS
where the meson production part does not appear,S meson = 0. The ph-contribution of the GT-strength is seen to be quenched, thought the sum of the two strengths satisfies the IFF sum-rule [8] as
In the RHF framework, on the other hand, the kinetic momentum Π µ has energy dependence even if the spacial component of the momentum is fixed; approximation, which also contributes to the sum-rule. In Fig. 6 we show the calculational results of R m (q 0 ) in the RHF approximation with HF(C) (a) and Bonn-A (b).
In this paper we do not intend to discuss the quenching of the GT-strength, and then we do not introduce several important effects such as the chains of the ring diagrams [9, 10] appearing in RPA, diagram of the direct meson production process, the delta excitation of nucleon [27, 29] and the two-particle two-hole excitation [30] .
Thus our results do not give any qualitative conclusions, but it can successfully demonstrate that the suppression of the strength in the ph-sector does not shift only to the NN production but also to the meson production sector in the relativistic framework.
V. SUMMARY
In this paper we calculate the nucleon self-energies and show their energy dependence in off-mass-shell energy region in the RHF approximation. We use the two parameter-sets and confirm that the calculations with the different parameters give qualitatively similar results.
The single particle energies of nucleon and antinucleon appearing in the denominator part of the nucleon propagator also have energy dependence. This energy dependence can simultaneously explain the two apparent inconsistent results, the analysis about the Coulomb sum-rule [6, 7] and the GT sum-rule [8, 9] and the analysis of thep-production experiments [12] . The former study suggested the large suppression of the NN -production energy, and the latter one denied it. Our result demonstrates that the estimation of the NN -production energy depends on the energy region. When we study low energy phenomena, the energy of NN -production in the RHF approximation is seen to be almost the same as that in the the RH approximation and much smaller than that in the vacuum. In the NN -production, however, the production energy becomes larger in the RHF approximation than that in the RH approximation.
Furthermore, we calculate the response function of the GT transition. In the meson production energy region the nucleon self-energies have imaginary parts and contribute to the GT response function. Then the quenched strength of the GT transition in the ph-excitation sector does not shift only to the NNproduction sector but also to the meson production sector in the relativistic framework.
For simplicity we consider only contribution from the nucleon self-energies in the present calculations. In order to get quantitative conclusions, we need to introduce some other effects such as the RPA contributions and the multi-particle multi-hole excitations and so on. Anyway the RMF approach based on the RH approximation must be useful to describe low energy phenomena, and it may be correct that the virtual process of the nucleon-antinucleon pair-production plays 
